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Abstract
A complete tripartite graph without one edge, K˜m1 ; m2 ; m3 , is called almost complete tripartite
graph. A graph K˜m1 ; m2 ; m3 that can be decomposed into two isomorphic factors with a given
diameter d is called d-halvable. We prove that K˜m1 ; m2 ; m3 is d-halvable for a 2nite d only if
d65 and completely determine all triples 2m′1 +1; 2m
′
2 +1; 2m
′
3 for which there exist d-halvable
almost complete tripartite graphs for diameters 3,4 and 5, respectively. c© 2001 Elsevier Science
B.V. All rights reserved.
MSC: 05C70
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1. Introductory notes and denitions
A factor F of a graph G = G(V; E) is a subgraph of G having the same vertex
set V . A decomposition of a graph G(V; E) into two factors F1(V; E1) and F2(V; E2)
is a pair of factors such that E1 ∩ E2 = ∅ and E1 ∪ E2 = E. A decomposition of G
is called isomorphic if F1 ∼= F2. An isomorphism 	 :F1 → F2 is then also called a
self-complementing isomorphism or complementing isomorphism and the factors F1
and F2 self-complementary factors with respect to G or simply self-complementary
factors. The diameter diamG of a connected graph G is the maximum of the set of
distances distG(x; y) among all pairs of vertices of G. If G is disconnected, then we
de2ne diamG=∞. The order of a graph G is the number of vertices of G. For terms
not de2ned here, see [1].
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Gangopadhyay [11] studied decompositions of complete r-partite graphs (r¿3) into
two factors with given diameters and also determined all possible pairs of diameters of
such factors. Decompositions of complete bipartite and tripartite graphs [3], complete
r-partite graphs for r ¿ 4 [4] into self-complementary factors with 2nite diameters and
complete r-partite graphs for r¿2 into disconnected self-complementary factors [6]
were studied by the author. Decompositions of complete 4-partite graphs into connected
self-complementary factors were studied in a joint article by the author and $SirJa$n [10].
Although the problem of existence of connected self-complementary factors of com-
plete tripartite graphs is completely solved [3], the class of graphs with odd number
of edges has not been studied. A complete multipartite graph with an odd number of
edges cannot indeed be decomposed into self-complementary factors. However, Das
[2] introduced the class of almost complete graphs, K˜n, de2ned as complete graphs
Kn without one edge. A graph G with n vertices is almost self-complementary if the
graph K˜n can be decomposed into two factors that are both isomorphic to G. We can
similarly introduce almost complete r-partite graphs, i.e., the complete r-partite graphs
with one missing edge. Such graphs can be then decomposed into two isomorphic fac-
tors, called self-complementary factors with respect to the almost complete r-partite
graph K˜m1 ; m2 ; :::; mr (or, alternatively, almost self-complementary factors with respect to
Km1 ; m2 ; m3 ) and we can study the same questions as for self-complementary factors.
For r=2 the problem was solved completely [5]. For r¿3, however, the situation is
more complicated. While complete bipartite graphs are edge-transitive and therefore we
can delete any edge to obtain the same almost complete bipartite graph, for r-partite
graphs with r ¿ 2 that are not regular it is not the case. In general, if all three parts
of a complete tripartite graph Km1 ; m2 ; m3 have diMerent orders, it is evident that we can
obtain three mutually non-isomorphic almost complete tripartite graphs depending on
the choice of the deleted edge. Thus for tripartite graphs the stronger version of the
problem can be stated as follows: For a given diameter d and a triple of positive inte-
gers m1; m2; : : : ; mr , where at least two of the numbers m1; m2; m3 are odd, determine
all almost complete tripartite graphs K˜m1 ; m2 ; m3 that can be decomposed into two iso-
morphic factors with diameter d. However, a solution to this general problem would
apparently be rather involved. First of all, only a few almost complete tripartite graphs
of odd order having self-complementary factors are known. Even for graphs of even
order, i.e., with one even and two odd parts, it is diNcult to determine for a given
graph Km1 ; m2 ; m3 all edges whose removal result into K˜m1 ; m2 ; m3 with self-complementary
factors.
For instance, if we have a complete tripartite graph K1;2;3 with parts V1 = {v11};
V2={v21; v22}; V3={v31; v32; v33} and we remove any edge v2iv3j, we cannot decompose
the almost complete tripartite graph K˜1;2;3 into two factors of diameter 5. To see this,
we observe that the only such a factor of order 6, size 5 and diameter 5 is a path P6
but the vertex v11 has to be in one factor of degree at least 3.
On the other hand, if we remove any of the edges v11v3j, we obtain a decomposition
shown in Fig. 1 (here j = 2). From now on we always use in the diagrams for the
missing edge a dashed line.
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Fig. 1.
Thus we will concentrate on the following weaker version of the problem: Determine
all 7nite diameters d and all triples of positive integers m1; m2; m3, where at least two
of the numbers m1; m2; m3 are odd, such that there exists an almost complete tripartite
graph K˜m1 ; m2 ; m3 that can be decomposed into two isomorphic factors with diameter
d. We actually solve the problem completely for graphs of even order and diameters
3,4, and 5.
First we introduce a few concepts and de2nitions. The missing edge (denoted e˜) of an
almost complete tripartite graph K˜m1 ; m2 ; m3 is the edge e˜ such that K˜m1 ; m2 ; m3 ∼=Km1 ; m2 ; m3−
e˜. The almost complete tripartite graph K˜m1 ; m2 ; m3 that can be decomposed into two mu-
tually isomorphic factors F1 and F2 with diameter d is called d-halvable or, if the
diameter is not speci2ed or its value is clear from the context, just halvable. In this
article, we prove that if a graph K˜m1 ; m2 ; m3 is d-halvable for a 2nite d, then d65 and
completely determine all triples m1; m2; m3 with an even sum for which a d-halvable
almost complete tripartite graph K˜m1 ; m2 ; m3 for diameter 3, 4 or 5 exists. From now on
we always suppose that the size of a graph K˜m1 ; m2 ; m3 is even, i.e., that at least two of
the numbers m1; m2; m3 are odd and at least one of them is greater than one.
2. Range of nite diameters
Gangopadhyay [11] proved that if a complete tripartite graph Km1 ; m2 ; m3 is decom-
posed into two factors F1 and F2 with the same 2nite diameter d, then d can range
from 2–5. Gangopadhyay also proved that if diam F1 = 6, then diam F264. However,
if we remove an edge from K1;3;4, we can decompose the resulting graph K˜1;3;4 into
factors with diameters 5 and 6, respectively. An example is shown in Fig. 2. The miss-
ing edge e˜ is v11v34, the vertices at distance 5 in F˜1 are v21 and v34 and the vertices
at distance 6 in F˜2 are v22 and v32. (Notice that in the diagram of the factor F˜2 the
positions of v21 and v23 are mutually switched.)
One can then expect that if we decompose an almost complete tripartite graph into
two factors with the same diameter, the diameter might exceed 5. In the following
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paragraphs, we show that it is not the case and that the range of diameters does not
diMer from what was proved by Gangopadhyay. First, we state a theorem with the
above mentioned Gangopadhyay’s result.
Theorem 2.1 (Gangopadhyay [11]). Let a complete tripartite graph Km1 ; m2 ; m3 be
decomposed into two connected factors F1 and F2. Then
(i) if diam F1 = diam F2 = d; then d= 2; 3; 4 or 5;
(ii) if diam F1 = 6; then diam F264;
(iii) if diam F1¿7; then diam F263.
Our aim in this section is to extend the previous theorem to almost complete tripartite
graphs as follows.
Theorem 2.2. Let an almost complete tripartite graph K˜m1 ; m2 ; m3 be decomposed into
two connected factors F˜1 and F˜2 with the same diameter d. Then d is not greater
than 5.
To prove our theorem, we need several lemmas. In order to shorten the paper, we
do not present the proofs of the lemmas here. The proofs can be found in [8]. We
proceed step by step to show that if e˜=xy is the missing edge, then the actual distance
between x and y must be greater than 5. We gradually improve the lower bound using
its previously determined values.
Lemma 2.3. Let an almost complete tripartite graph K˜m1 ; m2 ; m3 be decomposed into
two connected factors F˜1 and F˜2 with the same diameter d. Let e˜=xy be the missing
edge and d¿6. Then distF˜ i(x; y)¿3 for i = 1; 2.
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Lemma 2.4. Let an almost complete tripartite graph K˜m1 ; m2 ; m3 be decomposed into
two connected factors F˜1 and F˜2 with the same diameter d. Let e˜=xy be the missing
edge and d¿6. Then distF˜ i(x; y)¿4 for i = 1; 2.
Lemma 2.5. Let an almost complete tripartite graph K˜m1 ; m2 ; m3 be decomposed into
two connected factors F˜1 and F˜2 with the same diameter d¿6. Let e˜=xy be the miss-
ing edge and let distF˜1 (x; y)65. Then there exist vertices u; v such that distF˜1 (u; v)=d
and both x and y belong to a diametrical (u; v)-path in F˜1.
Lemma 2.6. Let an almost complete tripartite graph K˜m1 ; m2 ; m3 be decomposed into
two connected factors F˜1 and F˜2 with the same diameter d. Let e˜=xy be the missing
edge and d¿6. Then distF˜ i(x; y)¿5 for i = 1; 2.
Lemma 2.7. Let an almost complete tripartite graph K˜m1 ; m2 ; m3 be decomposed into
two connected factors F˜1 and F˜2 with the same diameter d. Let e˜=xy be the missing
edge and d¿6. Then distF˜ i(x; y)¿6 for i = 1; 2.
Proof of Theorem 2.2. We have shown above that if there is an almost complete
tripartite graph that can be decomposed into two (not necessarily isomorphic) factors
F˜1 and F˜2 of the same diameter d¿6, then the distance of the endvertices of the
missing edge must be in both factors at least 6. We now prove, though, that this
situation cannot occur and such a graph does not exist.
Suppose then, that there exists a decomposition of an almost complete tripartite
graph K˜m1 ; m2 ; m3 with a missing edge e˜ = xy into factors F˜1 and F˜2 such that diam
F˜1 = diam F˜2 = d¿6. Let us denote again the parts of K˜m1 ; m2 ; m3 by R; B;W (red, blue,
white, respectively) and suppose that x ∈ W and y ∈ R. For j=1; 2; : : : ; d we denote Vj
the set of all vertices u such that distF˜1 (x; u)=j and a red (blue, white) vertex belonging
to Vj will be denoted rj (bj; wj, respectively). We suppose w.l.o.g. that x= w˜0 is white
and y is red. By Lemma 2.7 distF˜1 (x; y)¿6 and y = r˜k belongs to Vk; k¿6.
If there is a blue vertex b2–4 ∈V2 ∪V3 ∪V4, then F˜2 contains a path
x = w˜0b2–4r˜5 = y. If there is no such blue vertex, then there certainly must be a
white vertex w2–3. If there is a blue vertex in V5 ∪ V6 ∪ · · · ∪ Vd, then in F˜2 there is a
path x= w˜0b5–dw2–3r˜5 = y of length 3. If there is no blue vertex in V5 ∪ V6 ∪ · · · ∪ Vd
either, then B⊂V1 and all vertices of V2 ∪V3 ∪ · · · ∪V6 are either red or white. Hence
at least one of the vertices of V3 ∪ V4 must be red and we again have in F˜2 a path
x = w˜0r3−4b1r˜5 = y of length 3.
In either case we can see that distF˜2 (x; y)63, which contradicts Lemma 2.4. This
contradiction completes the proof.
3. d -Halvable graphs K˜m1; m2; m3 for d= 3; 4; 5
In this section we will be interested only in almost complete tripartite graphs of
even order, i.e., graphs K˜m1 ; m2 ; m3 with one even and two odd parts. We 2rst present
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Fig. 3.
smallest d-halvable graphs of this class for d= 3; 4; 5. Then we show that for a given
d ∈ {3; 4; 5} we can construct a d-halvable almost complete tripartite graph K˜M1 ;M2 ;M3
for every triple M1; M2; M3 such that M1 + M2 + M3 is even and Mi¿mdi , where
md1 ; m
d
2 ; m
d
3 are orders of the respective partite sets of the smallest d-halvable graph
K˜md1 ;md2 ;md3 of even order.
Observation 3.1. No graph K˜1;1;m is d-halvable for a 7nite d.
Proof. Since K˜1;1;m has 2m edges, its self-complementary factors have m edges each
and therefore are disconnected.
Observation 3.2. There exists a 5-halvable graph K˜1;2;3.
Proof. Consider factors F˜1 and F˜2 isomorphic to the graph G5 of Fig. 3. The missing
edge is e˜= v10v30 and the complementing permutation has cycles (v10); (v21; v22); (v30);
(v31; v32).
Observation 3.3. There exists a 4-halvable graph K˜1;2;3.
Proof. Consider factors F˜1 and F˜2 isomorphic to the graph G4 of Fig. 4. The missing
edge is again e˜ = v10v30 and the complementing permutation is the same as in the
previous Observation.
One can notice that the above factorizations are not the only possible. For d = 5
even the choice of the missing edge does not have to be unique. As seen in Fig. 5, the
endvertices of the missing edge can belong to the parts of orders 1 and 2, respectively.
Now we present a class of non-halvable graphs, namely the graphs K˜1;2;2n+1. The
idea of the proof of the following lemma is simple. For every choice of the missing
edge e˜ we determine the corresponding degree sequence of the graph K˜1;2;2n+1 and
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examine possible complementing permutations. Then we either show that the degree
sequence is not ‘halvable’ and therefore the graph is not halvable either or in some
cases we show that if the degree sequence is halvable, then the corresponding factors
have diameter greater than 3. The complete proof can be found in [9].
Lemma 3.4. There is no 3-halvable graph K˜1;2;2n+1.
Having excluded the class of graphs K˜1;2;2n+1, we turn our attention to minimal
3-halvable almost complete tripartite graphs of even order. Obviously, the minimum
order cannot be 4 or 6, as was just shown. There are two candidates of order 8, K˜2;3;3
and K˜1;3;4. We show below that they are both 3-halvable. We also remind here that in
the class of complete tripartite graphs there are also two smallest 3-halvable graphs,
namely K2;2;2 and K1;4;4, as proved in [3].
Observation 3.5. There are 3-halvable graphs K˜2;3;3 and K˜1;3;4.
Proof. For K˜2;3;3 consider the factors isomorphic to the graph G3 of Fig. 6 with the
complementing permutation de2ned by cycles (v11; v12); (v20); (v21; v22); (v30); (v31; v32).
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Fig. 7.
For K˜1;3;4 consider the factors isomorphic to the graph G′3 of Fig. 7 with the com-
plementing permutation de2ned by cycles (v10); (v20); (v21; v22); (v31; v33); (v32; v34).
At last we turn our attention to diameter 2. It was proved by Gangopadhyay [11] that
there is no complete tripartite graph of order less than 13 that can be decomposed into
two factors of diameter 2. Therefore no almost complete tripartite graph is 2-halvable
unless its order is at least 13. We show that the smallest partite set of an almost
complete 2-halvable tripartite graph must have at least 4 vertices. The following lemma
was proved in [3].
Theorem 3.6. A complete tripartite graph Km1 ; m2 ; m3 with m16m26m3 is not 2-halvable
for m1¡ 4.
In the proof of the theorem, however, the isomorphism property was actually never
required. Thus the following stronger version was in fact proved.
Theorem 3.6′. A complete tripartite graph Km1 ; m2 ; m3 with m16m26m3 is not decom-
posable into two factors of diameter 2 for m1¡ 4.
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Then, of course, neither an almost complete tripartite graph with a partite set with
less than 4 vertices can be decomposed into two factors of diameter 2. We state this
as a corollary.
Corollary 3.7. An almost complete tripartite graph K˜m1 ; m2 ; m3 with m16m26m3 is
not decomposable into two factors of diameter 2 for m1¡ 4.
Unfortunately, we are neither able to exclude other classes nor can we 2nd a
2-halvable almost complete tripartite graph. Thus 2-halvability remains in doubt.
For diameters d = 3; 4 and 5, having constructed the minimal d-halvable graphs of
respective orders, we want to show that for a given d we can always 2nd an almost
complete d-halvable tripartite graph K˜
d
M1 ;M2 ;M3 of even order for every triple M1; M2; M3
with the property that M1 = m1 + 2k1; M2 = m2 + 2k2; M3 = m3 + 2k3, where mi are
orders of the partite sets of the minimal almost complete d-halvable tripartite graphs
K˜
d
m1 ; m2 ; m3 for the respective diameter d. The basic idea is to take the factors of the
minimal d-halvable graph and to extend any of its partite sets by adding an even
number of vertices such that both the isomorphism and the diameter are preserved.
To do this, we 2rst suppose that we have a d-halvable graph K˜m1 ; m2 ; m3 and its ver-
tices x and y belonging to the same partite set A of order m1 such that (x; y) is one
of the cycles of a complementing permutation 	. We now add to K˜m1 ; m2 ; m3 ‘copies’
x′ and y′ of the vertices x and y, respectively, to obtain K˜m1+2;m2 ;m3 . The isomor-
phic factors F˜
′
1 and F˜
′
2 of K˜m1+2;m2 ;m3 arise from F˜1 and F˜2, respectively, in such
a way that the new vertex x′ will be in each of the factors F˜
′
1 and F˜
′
2 adjacent
exactly to the neighbours of x in the respective factor. The same holds for y′. It
is easy to see now that the factors F˜
′
1 and F˜
′
2 are of diameter d. If u; v are ver-
tices both diMerent from x and y and distF˜ i(u; v) = b, then their distance in F˜
′
i will
be again b as the shortest (u; v)-path in F˜
′
i cannot be shorter than in F˜ i. If u =
x; y; x′; y′; then obviously distF˜′i (u; x
′) = distF˜′i (u; x) = distF˜ i(u; x) and the same holds if
we replace x by y. Finally, distF˜′i (x
′; y′) = distF˜′i (x; y
′) = distF˜′i (x
′; y) = distF˜′i (x; y) =
distF˜ i(x; y) and distF˜′i (x; x
′)=distF˜′i (y; y
′)=2. Hence diam F˜
′
1=diam F˜
′
2=d. To see that
F˜
′
1
∼= F˜ ′2, we de2ne an isomorphism 	′ : F˜
′
1 → F˜
′
2 as follows: 	
′(v) = 	(v) for every
v = x′; y′; 	′(x′) = y′ and 	′(y′) = x′. Thus we have shown that the following lemma
holds. It should be mentioned that its analogues were proved, e.g., by Gangopadhyay
and Rao Hebbare [12], TomovJa [13] and the author [3].
Lemma 3.8. Let K˜m1 ; m2 ; m3 be d-halvable and let x; y belong to its partite set of order
m1. Let 	 : F˜1 → F˜2 be a complementing isomorphism such that 	(x)=y and 	(y)=x.
Then there exists a d-halvable graph K˜m1+2;m2 ;m3 .
Now we are ready to prove our main result. Remind that for diameter 2 we can
neither prove nor disprove the existence of 2-halvable almost complete tripartite graphs
with all parts having at least 4 vertices.
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Theorem 3.9. A d-halvable almost complete tripartite graph K˜m1 ; m2 ; m3 of even order
exists only if d65. For d¿ 2 such a graph with m16m26m3 exists if and only if
one of the following conditions holds:
(a) d= 3 and m1¿1; m2¿3; m3¿4; or m1 = 2; m2¿3; m3¿3;
(b) d= 4 and m1¿1; m2¿2; m3¿3;
(c) d= 5 and m1¿1; m2¿2; m3¿3.
Proof. The minimality follows in all cases from Observation 3:1 and in the case (a)
moreover from Lemma 3.4. On the other hand, the halvability of the smallest respective
graphs follows from Observation 3:5 (for diameter 3), Observation 3:3 (for diameter 4),
and Observation 3:2 (for diameter 5). To extend the partite sets of order greater than
1 we observe that in all cases the complementing permutation contains for every such
partite set a cycle consisting of a pair of vertices. Therefore, we can use Lemma 3.8
and extend any non-trivial part by any even number of vertices.
To extend the trivial part, we always add to the partite set V1 new vertices v11 and
v12 to obtain a cycle (v11; v12). To preserve the isomorphism, we join one of them to
the vertex v20 (v30) in the factor F˜1 while the other one in F˜2. For every cycle (vij; vik)
we either join both v11 and v12 to one of vij; vik in F˜1 and to the other one in F˜2, or
we join both vij and vik to v11 in one factor and to v12 in the other.
To be more speci2c, in the case (a) we add to F˜1 the edges v11v20; v11v22; v11v31; v11v34
and v12v22; v12v31; v12v34. In case (b) we add to F˜1 the edges v11v22; v11v30; v11v31 and
v12v22; v12v31. In case (c) we add to F˜1 the edges v11v21; v11v30; v11v32 and v12v21; v12v32.
Now we can see that similarly as in Lemma 3.8 we can extend the isomorphism 	
to 	′ by adding the cycle (v11; v12). One can check that the diameter is in all cases
preserved. We can now further extend this partite set by ‘copying’ the pair v11; v12.
Thus, we have shown that we can extend every partite set by any even number of
vertices and the theorem holds.
4. Concluding remarks
There are three areas to which further research can be directed. First of them is the
problem of 2-halvability of almost complete tripartite graphs of even order. We do
not know any 2-halvable almost complete tripartite graph with one even and two odd
parts. We do know, however, that if such a graph exists, then each partite set must
have more than three vertices. Nevertheless, we are not able to disprove the existence
of such graphs with larger parts either.
Another direction is to generalize our results within the class of graphs of even order.
For all remaining 2nite diameters 3,4 and 5 we have determined minimal d-halvable
graphs K˜
d
m1 ; m2 ; m3 and for every triple M1; M2; M3 with the property that M1 =m1 + 2k1;
M2 = m2 + 2k2; M3 = m3 + 2k3 we have found a d-halvable graph K˜
d
M1 ;M2 ;M3 and
constructed isomorphic factors of the respective diameter d. For every such triple
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Fig. 8.
Fig. 9.
M1; M2; M3 we have found the decomposition just for the graph K˜
d
M1 ;M2 ;M3 with the
missing edge having both endvertices in the odd parts. The other one or two graphs
with the missing edge having one endvertex in the even part were not studied. We
have shown in the 2rst section that the graph K˜1;2;3 with parts V1 = {v11};
V2 = {v21; v22}; V3 = {v31; v32; v33} and the missing edge v2iv3j is not 5-halvable. We
constructed self-complementary factors of diameter 5 in the case when the missing edge
was v11v32 and in Section 3 we extended the construction for every triple M1; M2; M3
with the property that M1 =1+2k1; M2 =2+2k2; M3 =3+2k3; ki¿0; and the missing
edge had both endvertices in the odd parts. For the third case, when the missing edge
is v11v21, we can also 2nd a 5-halving, as was shown in Fig. 5. Another example is the
4-halving of K˜1;2;7 with the missing edge v21v30 and the complementing isomorphism
de2ned by the cycles (v30); (v11; v22; v21); (v31; v32; v33; v34; v35; v36) shown in Fig. 8.
Although we can use a modi2cation of the ‘extension’ method to obtain decompo-
sitions of graphs K˜1;2;6m+1 for any m¿1, we are not able to extend the smaller partite
sets.
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Finally, we have not examined almost complete tripartite graphs with three odd parts.
An example of a graph of a family of 5-halvable graphs K˜1;3;2m+1 for m=2 is shown
in Fig. 9. The missing edge is v11v22 and the complementing isomorphism is de2ned by
the cycles (v11; v21; v22; v23); (v31); (v32); (v33); : : : ; (v2m+1). Not too much more is known
about halvability of the class of graphs of odd orders.
We should also mention here that decompositions of almost complete tripartite graphs
into disconnected self-complementary factors were studied in [7].
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